Abstract: In this article, we compute the gluon fusion Higgs boson cross-section at N 3 LO through the second term in the threshold expansion. This calculation constitutes a major milestone towards the full N 3 LO cross section. Our result has the best formal accuracy in the threshold expansion currently available, and includes contributions from collinear regions besides subleading corrections from soft and hard regions, as well as certain logarithmically enhanced contributions for general kinematics. We use our results to perform a critical appraisal of the validity of the threshold approximation at N 3 LO in perturbative QCD.
Introduction
With the discovery of the Higgs boson [1] , the Standard Model is a fully predictive theory, with all of its parameters determined experimentally. This fact renders the total Higgs boson production cross-section an excellent precision test of the theory. Theoretical predictions for the inclusive cross-section therefore play an important role in measurements of Higgs-boson observables in general and in the determination of the coupling strengths of the Higgs boson in particular.
For this reason, obtaining a reliable theoretical estimate of the gluon-fusion crosssection, the dominant production mechanism of a Higgs boson at the LHC, has been a major objective in perturbative QCD for the last decades. The very large size of the next-to-leading-order (NLO) perturbative corrections in the strong coupling α s indicated a slow convergence of the α s expansion [2] . The smaller size of the next-to-next-to-leading order (NNLO) corrections inspired some confidence that QCD effects beyond NNLO may be smaller than ±10%, as indicated from the variation of the renormalization scale [3] . On the basis of this belief, further refinements of the cross-section with electroweak corrections and finite quark-mass effects (at a ∼ 5% level of precision) followed [4] .
Currently, no full computation of the hadronic Higgs-boson cross-section is available at next-to-next-to-next-to-leading order N 3 LO. It is possible to obtain some information on the missing higher orders beyond NNLO in the so-called threshold limit where the Higgs boson is predominantly produced at threshold and the additional QCD radiation is soft. In this limit, soft QCD emissions factorize from the hard interaction and can be resummed [5] . After the completion of the NNLO corrections [3] , it was observed that the threshold approximation can be made to capture the bulk of the perturbative corrections through NNLO. It is then tantalising to speculate if a similar approximation is sufficient to predict the value of the Higgs-boson cross-section at N 3 LO in QCD. Recently, various approximate N 3 LO cross-section estimates were put forward which rely crucially on the threshold assumption [6, 7, 8] . Given these considerations, it is important to quantify the reliability of the threshold approximation at N 3 LO.
Logarithmically enhanced threshold contributions at N 3 LO to the cross-section coming from the emission of soft gluons have been computed almost a decade ago [6] . A few months ago, we completed the computation of the first term in the threshold expansion, the so-called soft-virtual term, by computing in addition the constant term proportional to δ(1 − z) [9] , which includes in particular the complete three-loop corrections to Higgs production via gluon fusion [10] . Recently, some further logarithmic corrections which belong to the second order in the threshold expansion were conjectured in ref. [8, 11] . In this paper we compute for the first time the complete second order in the threshold expansion. This result is an important step in the direction of the computation of the N 3 LO crosssection for arbitrary values of z, a goal which has only been achieved so far at N 3 LO for the three-loop corrections and the single-emission contributions at two loops [12, 13, 14] . We combine the knowledge of the single-real emission contributions with the ultra-violet and parton-density counterterms to obtain the exact result for the first three logarithmicallyenhanced terms beyond the soft-virtual approximation. Both results combined are not only a major milestone towards the complete Higgs-boson cross-section at N 3 LO, but they also constitute the most precise calculation of the Higgs-boson cross-section at N 3 LO beyond threshold.
In a second part of our paper, we use our results and perform a critical appraisal of the threshold approximation. We define a way to quantify the convergence of the truncated threshold expansion, and we perform a numerical study of the convergence of the threshold expansion at NLO, NNLO and N 3 LO. Given the widely accepted dominance of the threshold limit in Higgs production at the LHC, our study is an important ingredient to asses the reliability of the threshold approximation at N 3 LO in QCD.
This paper is organised as follows: In Section 2 we present our results for the complete second term in the threshold expansion and the exact results for the coefficients of the first three leading logarithmically-enhanced terms in the threshold limit. In Section 3 we perform a critical appraisal of the threshold expansion, both in z-space and in Mellin-space. In Section 4 we draw our conclusions.
Analytic results for the N
3 LO partonic cross-section
The gluon-fusion cross-section
In this section we present the main results of our paper. We start by giving a short review of the inclusive gluon-fusion cross-section and its analytic properties, and then we present our results in subsequent sections. The inclusive cross-section σ for the production of a Higgs boson is given by
whereσ ij are the partonic cross-sections for producing a Higgs boson from the parton species i and j, and f i and f j are the corresponding parton densities. We have defined the ratios
where m H denotes the Higgs-boson mass and s and S denote the squared partonic and hadronic center-of-mass energies. The convolution of two functions is defined as
In the rest of this section we only concentrate on the partonic cross-sections. If we work in perturbative QCD, and after integrating out the top quark, the partonic cross-sections take the formσ
with V = N 2 c − 1 and N c the number of SU (N c ) colours, and C ≡ C(µ 2 ) and α s ≡ α s (µ 2 ) denote the Wilson coefficient [15] and the strong coupling constant, evaluated at the scale µ 2 . At leading order in α s only the gluon-gluon initial state contributes, η (0) ij (z) = δ ig δ jg δ(1 − z). The partonic cross-sections through NNLO, η (1,2) ij (z), can be found in ref. [3] .
Before presenting our results, let us discuss some general properties of the N 3 LO coefficients η (3) ij (z) which will be useful in the remainder of this section. First, η (3) ij (z) does not only contain the three-loop corrections to inclusive Higgs production, but also contributions from the emission of up to three partons in the final state at the same order in perturbation theory. So far, only the single-emission contributions at two loops are known for generic values of z [12, 13, 14, 16, 17] , and only a few terms in the threshold expansion for the contributions with up to two additional partons in the final state are known [9, 21, 22] . Each of these contributions is ultra-violet (UV) and infra-red (IR) divergent, and the divergences manifest themself as poles in the dimensional regulator ǫ.
While the first three leading poles at N 3 LO cancel when summing over all the contributions, the coefficient of ǫ −3 is non-zero. These remaining divergences cancel when suitable UV and IR counterterms are included. We generically write
where ∆
ij (z, ǫ) is the combined UV and IR counterterm and χ
ij (z, ǫ) is the (bare) contribution from the different particle multiplicities at N 3 LO. Note that each term in the right-hand side has poles at ǫ = 0, but the sum is finite. The counterterm is determined completely from lower orders 1 [23, 24] , as well as the QCD β function [18] and the three-loop splitting functions [20] .
The contributions arising from different multiplicities can be separated into six different terms as
where the functions χ (3,m) ij (z, ǫ) are meromorphic with at most a simple pole at z = 1. While the first term only contributes at threshold and contains the entirety of the three-loop corrections, the second term receives contributions from all additional parton emissions.
The partonic cross-sections are convoluted with the parton luminosities, and the pole at z = 1 in the gluon-gluon initial state introduces a divergence in the integrand as z → 1. The singularities are regulated in dimensional regularisation by expanding the factors (1 − z) −1−mǫ in terms of delta functions and plus-distributions.
where the plus-distribution is defined by its action on a test function φ(z).
There is a typo in eq. (2.8) of ref. [24] . The combination 3 P (0)
kj in the fourth line should be replaced by 2 P (0)
In order to expose the distributions, we write
with χ (3,m),sing ij (z, ǫ) the residue at z = 1 (divided by (z − 1)). The singular contribution is only non-zero for the gluon-gluon initial state.
Similar to eq. (2.9), we can split the partonic cross-sections into a singular and a regular part, 10) where the singular contribution is precisely the cross-section at threshold [6, 9] and the regular term describes terms that are formally subleading and take the form of a polynomial in log(1 − z), 11) where the η (3,m),reg ij (z) are holomorphic in a neighbourhood of z = 1. The coefficients of these logarithms are the main subject of this paper, and in the rest of this section we show how to explicitly determine some of the regular coefficients of the threshold logarithms.
Next-to-soft corrections
All the regular terms are formally subleading in the threshold expansion compared to the soft-virtual term. If we want to compute these subleading corrections, we need to know the counterterms ∆ (3) ij (z, ǫ) and all process with different multiplicities contributing to χ (3) ij (z, ǫ). To date, however, only the counterterms and the single-emission contributions are known for arbitrary values of z. Since the coefficients of the logarithms are holomorphic, they admit a Taylor expansion around z = 1. In this section we discuss how to approximate the coefficients of the logarithms by their threshold expansion around z = 1. In particular, one of the main results of this paper is the complete computation of the first subleading term in the threshold expansion, corresponding to the value at z = 1 of the coefficients in eq. (2.11) and dubbed the next-to-soft term in the remainder of this paper. Note that the next-to-soft term receives for the first time contributions from the quark-gluon (and anti-quark-gluon) initial state besides the gluon-gluon initial state.
In ref.
[9] the next-to-soft term of the triple-emission contribution was computed. Hence, we are only missing the next-to-soft corrections to the double-emission contribution at one-loop. We have recently completed the computation of all the relevant diagrams contributing to the next-to-soft term. In the following we only present the results of the computation, and details of the computation will be given elsewhere. Here it suffices to say that, unlike the contribution to the soft-virtual term [9, 22] , we also need to consider contributions from regions where the virtual gluon can be collinear to one of the external partons besides subleading corrections to the soft and hard regions. In the following we present the next-to-soft cross-sections η
for values of the renormalization and factorization scales equal to the Higgs mass. The corresponding expressions for arbitrary scales can be derived easily from renormalization group and DGLAP evolution. We find 
The leading logarithms in the above equations can be compared with recent results in the literature. The coefficients of log 5 (1 − z) and log 4 (1 − z) for the gluon-gluon channel in eq. (2.12) are in agreement with the conjecture of ref. [8] . In ref.
[8] a conjecture was also formulated for the colour and flavour structure of the coefficient of log
H . We confirm the validity of this conjecture for the coefficient of log 3 (1 − z) as well and determine ξ
. The log 5 (1 − z) coefficient for the quarkgluon channel in eq. (2.13) agrees with the calculation of ref. [11] . The coefficients of the remaining logarithms and the non-logarithmic terms in eqs. (2.12)-(2.13) are presented for the first time in this publication.
Coefficients of leading logarithms with exact z dependence
In this section we obtain another approximation to eq. (2.11), namely we compute the coefficients of the three leading logarithms in eq. (2.11) with exact z dependence. Indeed, it turns out that the coefficients of these logarithms are uniquely determined at N 3 LO by requiring the cancellation of the poles in ǫ, once the single-emission contributions and the counterterms are known.
To be more concrete, we start from eq. (2.5) and (2.6), and expand all the contributions in the dimensional regulator ǫ,
In order for η
ij (z) to be finite, all the poles in ǫ must cancel. This implies that the coefficient of each power of log(1 − z) and of each plus-distribution multiplying a pole in ǫ has to vanish separately, which allows us to derive a set of equations constraining the individual contributions χ (3,m,l) ij (z) and ∆ (3,l,k) ij (z). In particular, we get
At this point we note that the terms proportional to χ (3,2,k) ij (z) and χ (3,3,k) ij (z) only receive contributions from single-emission subprocesses, and the computation of those contributions was recently completed for arbitrary values of z [12, 13, 14] . In particular, the computation of the single-emission processes at two loops of ref. [13] has all the logarithms log(1 − z) resummed into factors of the form (1 − z) −mǫ , which makes the determination of χ (3,2,k) ij (z) and χ (3,3,k) ij (z) straightforward. Including this information we are able to solve the system of equations (2.15) for the coefficients of the first three leading logarithms (log 5,4,3 (1 − z)) for all partonic initial states. Parts of the coefficients of these logarithms, corresponding to specific colour coefficients, had already been predicted in ref. [8] , and we confirm these results. Moreover, we have checked that only the gluon-gluon and quarkgluon initial states give non-vanishing contributions at next-to-soft level, and the values of the coefficients for z = 1 agree with the corresponding coefficients presented in the previous section. The analytic results for the different partonic initial states are, for
(1 − z) 17492z 2 + 9035z + 14900 1296z 
Note that η (3, 5) ,reg(z) = η (3, 5) ,reg(z) = η (3, 5) ,reg′ (z) = 0. We have written the results in terms of harmonic polylogarithms [30] H 0 = log z , 
Numerical results for the N 3 LO hadronic cross-section
In this Section, we will study the numerical impact of the partonic N 3 LO corrections of Section 2 on the hadronic Higgs-boson production cross-section. We normalise all our results to the leading-order hadronic cross-section, and we factor out the Wilson coefficient (i.e., we set C = 1). We choose the Higgs-boson mass to be m H = 125GeV and compute the cross-sections for a proton-proton collider with a center-of-mass energy of 14TeV. We use the MSTW2008 NNLO parton densities for all orders and the corresponding value of α s (M Z ) [26] . We set the renormalisation and factorisation scales equal to the Higgs-boson mass, µ R = µ F = m H .
Results in the threshold expansion
We start our numerical analysis by studying the behavior of the hadronic cross-section at N 3 LO through the first two terms in the threshold expansion. For assessing the numerical importance of the corrections, it is useful to substitute the number of colours and number of light quark flavours by their physical values (N c = 3, N f = 5 respectively) into eq. (2.12) and (2.13). We find, In parentheses we show the relative size of the correction which each term induces to the hadronic cross-section relatively to the leading order contribution from η (0) gg = δ(1 − z). We find that the formally most singular terms cancel against less singular ones. In addition to the large cancellations among different powers of logarithms, we notice that the formal hierarchy of their magnitude does not correspond to a similar hierarchy at the hadronic cross-section level. These observations are the same as we had already noted in ref. [9] for the leading terms of the soft expansion. For ease of comparison, we also recite here the analogous decomposition of the leading terms in the soft expansion [9] 
The total contribution of η (3) gg (z) (1−z) 0 to the hadronic cross-section is about 25% of the Born contribution, while the contribution of η (3) qg (z) (1−z) 0 is about −1.38% of the Born contribution. This has to be contrasted with the leading soft contribution at N 3 LO from η (3) gg (z) (1−z) −1 which is only −2.25% of the Born. While the next-to-soft correction for kinematics corresponding to threshold production should be suppressed, instead it turns out to be much larger than the leading threshold contribution.
It is often preferred in the literature to perform the threshold expansion in Mellin space. The Mellin transformation of a function f (z) is defined as
The Mellin transformation is invertible, and the inverse transformation reads
where the real part of c is chosen such that the poles of g(N ) lie to the left of the integration contour. One of the main properties of the Mellin transformation is that it maps convolutions as in eq. (2.3) to the product of the Mellin transformations,
It follows that the convolution of the partonic cross-sections with the parton densities factorises and turns into an ordinary product in Mellin space. Hence, in order to compute the Mellin transformation of the total hadronic cross-section, we need the Mellin transformations of the parton densities. To this effect, we fit the parton densities for a fixed scale to a functional form of the type
for which we can easily compute the Mellin transformation using Euler's Beta function,
For the partonic cross-section we perform an expansion around the threshold limit, which in Mellin space corresponds to taking N → ∞. Through O( In parentheses we show the relative size of the correction which each term induces to the hadronic cross-section relatively to the leading order contribution from η (0) gg = δ(1 − z). In Mellin space the pattern of corrections in the threshold expansion is different from the one observed in z-space. As it was also observed for the leading soft terms and parts of the next-to-soft terms in ref. [8] , we find that through O 1 N the corrections are always positive. Nevertheless, we observe that the formally leading logarithms contribute the least to the hadronic cross-section. In total, the soft-virtual (SV) terms (log n N ) contribute about ∼ 18% of the Born to the cross-section, while the next-to-soft (NS) terms (log n N /N ) contribute about ∼ 11% of the Born. We therefore conclude that, unlike common folklore suggests, the threshold limit does in fact not dominate the cross-section at LHC energies, but there is a sizeable contribution from terms beyond threshold.
As we have emphasised in ref. [9] , there is an ambiguity in how to convolute an approximate partonic cross-section with the parton densities. For example, we can recast the hadronic cross-section in the form, In Fig. 1 we plot the soft-virtual and next-to-soft corrections at NLO, NNLO and N 3 LO normalised to the Born cross-section in z−space as a function of the artificial parameter n in eq. (3.12). In Fig. 2 we plot the soft-virtual and next-to-soft corrections at NLO, NNLO and N 3 LO normalised to the Born cross-section in Mellin space as a function of the artificial parameter n in eq. (3.12). We also plot in both figures the known NLO and NNLO corrections as straight lines since they are insensitive to the value of n. The full NLO corrections are about 110% of the Born and the full NNLO corrections are about 60%. The sensitivity of the 'leading soft' corrections to n is large at all perturbative orders and in both spaces. This sensitivity is reduced when the next-to-soft terms are included, where a plateau at NLO and NNLO is formed for values of n larger than about −1 and up to very large positive values of n. While an improved convergence is visible, at N 3 LO the sensitivity of the next-to-soft correction in n is enhanced in comparison to NLO and NNLO and there is much less of a plateau. The increased sensitivity of the truncated expansion to the artificial parameter n is a symptom of the fact that the threshold limit is less dominant at higher orders. In Table 1 we present the ratio of the NS over the SV contribution in the gluon-gluon channel (this ratio is infinite in all other channels) both in Mellin and z−space. We observe that the ratio increases at higher perturbative orders and hence the soft approximation is increasingly untrustworthy. This behavior is particularly pronounced in z−space.
Is it possible to use the soft-virtual [9] or the next-to-soft approximation presented in this article in order to estimate precisely the N 3 LO corrections to the Higgs cross-section? The fact that the soft expansion does not yet appear to be convergent, as we discussed above, does not justify such attempts theoretically. Nevertheless, efforts have been made in the literature to guess the full N 3 LO corrections from available or estimated soft terms using Table 1 : The ratio of the next-to-soft and the soft-virtual contribution in Mellin and z−space for n = 0 at NLO, NNLO and N 3 LO.
empirical arguments based on the experience from the behavior of the NLO and NNLO corrections. The level of precision which must be achieved with empirical estimations should be better than the ∼ ±4% N 3 LO scale variation [24] which corresponds to ±12% of the Born (the normalization of our plots). We do not believe that empirical arguments should replace proper convergence criteria. However, if we entertain the idea that a guess can be made by comparing the soft terms with the full result at NLO and NNLO, we see that the next-to-soft approximation for n ∈ [−1, 3] is close to the full result at NLO (110% of the Born) and NNLO (60% of the Born) in both z−space and Mellin space, with an envelope of predictions ranging from 109% to 140% of the Born at NLO and from 52% to 73% of the Born at NNLO. At N 3 LO, the variation of the cross-section in both spaces for the same range of n is from −22% to 33% of the Born, which is larger than the target precision at that order. valid for arbitrary values of z. These corrections are insensitive to the artificial parameter n, and thus independent of whether we perform the computation in Mellin or z−space. Their contribution to the hadronic cross-section from each partonic channel normalized to the Born hadronic cross-section (setting the Wilson coefficient C = 1) is shown in Table 2 . Comparing the effect of the full log 5,4,3 (1−z) coefficients to the truncated ones in the (1−z) expansion, as in eq. (3.1) and (3.2), we find that the full coefficients give systematically lower contributions to the hadronic cross-section.
Knowing the exact log 5,4,3 (1 − z) coefficients, we can restrict the threshold approximation only to the coefficients of the log 2,1,0 (1 − z) terms. This mixed approach would not have been justified if we had found that the formal threshold expansion hierarchy was N3LO svns (full log 3 ,log 4 ,log 5 )
N3LO svns reflected in the results after the integration over the parton densities. However, this is not the case and it is therefore equally justified (or unjustified) to include the full kinematic dependence of the coefficients of the 'leading' logarithms. We present in Fig. 3 the corresponding gluon-channel contribution to the hadronic cross-section normalised to the Born cross-section, as a function of the artificial exponent n. As expected from the comparison of the results of Table 2 in full kinematics and the results of eqs. (2.12) in the threshold expansion for the log 5,4,3 (1 − z) terms, the inclusion of the full leading logarithms lowers the value of the N 3 LO correction. The shape as a function of n, however, does not substantially change. This indicates that the bulk of the n dependence is carried by the coefficients of the yet-unknown log 2,1,0 (1 − z) terms, and including the exact coefficients of log 5,4,3 (1 − z) does not substantially improve the convergence of the threshold expansion.
It is unclear whether the inclusion of the yet unknown full coefficients for the log 2,1,0 (1 − z) terms in the future will further reduce or increase the cross-section. In Fig. 4 , we include the full log 5,4,3 (1 − z) terms exactly and compute the remaining known N 3 LO terms as a threshold expansion in Mellin space. The reduction of the cross-section is even more pronounced in this case. For example, setting n = 0, the pure next-to-soft approximation in Mellin space yields a positive contribution of about +29.5% of the Born, while including the exact contribution from log 5,4,3 (1 − z) and expanding in Mellin space the remaining terms through next-to-soft yields a negative N 3 LO correction of about −8.5% of the Born. The changes that we observe by including the full coefficients of log 5,4,3 (1 − z) with respect to pure next-to-soft approximations have to be compared with smaller scale variation uncertainty at N 3 LO [24] , which is about ±12% of the Born cross-section. While in this publication we have presented the most advanced theoretical calculation of the N 3 LO corrections, we conclude that this is insufficient to reduce the theoretical uncertainty of the Higgs-boson cross-section.
Conclusions
In this paper we have presented new results for Higgs-boson production at N 3 LO beyond threshold. More precisely, we have computed for the first time the full next-to-soft corrections to Higgs-boson production, as well as the exact results for the coefficients of the first three leading logarithms at N 3 LO. Our results constitute a major milestone towards the complete computation of the Higgs-boson cross-section via gluon-fusion at N 3 LO. Having at our disposal the formally most accurate result for the threshold expansion available to date, we are naturally lead to the question of how reliable phenomenological predictions based on this result would be. In a second part of our paper we therefore performed a critical appraisal of the threshold approximation, which according to the general folklore captures the bulk of the Higgs-boson cross-section. Unfortunately, the convergence of the threshold expansion appears to become less reliable with each further order in the perturbative expansion, as formally subleading terms are not suppressed in comparison to leading terms. In this context, we make the alarming observation that the ratio of the next-to-soft over the soft-virtual corrections increases from NLO to NNLO and to N 3 LO showing that the threshold approximation deteriorates when applied to higher orders in the perturbative QCD expansion.
A second problem in using the threshold expansion is that there is an ambiguity in defining the convolution integral for the hadronic cross-section from the threshold expansion of the partonic cross-sections. We have introduced in eq. (3.9) a way to quantify this ambiguity by introducing a parameter n such that the hadronic cross section is independent of n if no approximation is made. The truncation of the threshold expansion, however, introduces a dependence on n, and the size of this dependence is a measure for the convergence of the threshold expansion. We have performed a numerical study of the n-dependence by including terms beyond the strict threshold limit, both in z-space and in Mellin-space. We observe that in all cases the numerical dependence on n is decreased when including corrections beyond threshold, in agreement with the expectations. At NLO and NNLO, a plateau (numerically close to the true value) forms when next-to-soft terms are included. At N 3 LO, however, we observe that no plateau is visible, indicating that empirical estimations of the N 3 LO cross-section based on the experience from NLO and NNLO may fail. In fact, by including our exact results with full kinematic dependence of the coefficients of the first three leading logarithms we observe that the hadronic cross-section shifts significantly to lower values than what one obtains with the next-to-soft approximation.
Based on these considerations, we conclude that it is not possible at this point to obtain a reliable prediction for the Higgs-boson cross-section at N 3 LO, and that further theoretical developments are needed to achieve this goal. This is left for future work.
